ABSTRACT. Given a 1-cocycle b with coefficients in an orthogonal representation, we show that any finite dimensional summand of b is cohomologically trivial if and only if }bpXnq} 2 {n tends to a constant in probability, where Xn is the trajectory of the random walk pG, µq. As a corollary, we obtain sufficient conditions for G to satisfy Shalom's property H FD . Another application is a convergence to a constant in probability of µ˚npeqμ˚n pgq, n " m, normalized by its average with respect to µ˚m, for any amenable group without infinite virtually Abelian quotients. Finally, we show that the harmonic equivariant mapping of G to a Hilbert space obtained as an U -ultralimit of normalized µ˚n´gµ˚n can depend on the ultrafilter U for some groups.
INTRODUCTION
Convention. Throughout the paper, G is a compactly generated locally compact group with a distinguished relatively compact symmetric subset Q which contains an open generating neighborhood e of G, and µ is a symmetric probability measure on G that satisfies the following conditions:
‚ µ is absolutely continuous with respect to the Haar measure m, ‚ inft dµ dm pxq : x P Qu ą 0, ‚ ş |x| d G dµpxq ă 8 for all d. Here |x| G :" mintn : x P Q n u (except that |e| G :" 0). Note that |¨| G is a pseudo-length, i.e., it satisfies |x| G " |x´1| G and |xy| G ď |x| G`| y| G . Put B G prq :" tx P G : |x| G ď ru.
Formulation of the results. Throughout the paper, we will work with real Hilbert spaces and orthogonal representations. This is purely for our convenience and all results (but not the proofs) hold true for complex Hilbert spaces and unitary representations (except that the statement of Theorem 2.4 has to be slightly modified), because any complex Hilbert space H C is also a real Hilbert space with the real inner product pv, wq Þ Ñ ℜxv, wy H C , and any 1-cocycle (defined below) with coefficients in a unitary representation can be regarded as the one with coefficients in an orthogonal representation.
Let π : G H be an orthogonal representation on a real Hilbert space H. Recall that a 1-cocycle (or simply a cocycle) is a continuous map b : G Ñ H which satisfies the 1-cocycle identity: bpgxq " bpgq`π g bpxq for all g, x P G. It is a 1-coboundary if there is v P H such that bpxq " v´π x v for all x P G. We note that b is a 1-coboundary if and only if it is bounded on G (Proposition 2.2.9 in [2] ). Every cocycle b satisfies that bpeq " 0 and }bpxq´bpyq} " }bpx´1yq} ď }b} Q |x´1y| G , where }b} Q :" sup gPQ }bpgq} ă 8.
The work of the second named author is partially supported by JSPS KAKENHI Grant Number 26400114. He also expresses his gratitude to the organizers of the programs "Classification of operator algebras: complexity, rigidity, and dynamics", "Von Neumann Algebras", the Mittag-Leffler Institute, the Hausdorff institute and Ecole Normale, Paris for the hospitality during his visits. 1 A cocycle b is said to be µ-harmonic (or simply harmonic) if ş bpgxq dµpxq " bpgq for all g, or equivalently ş bpxq dµpxq " 0. Any cocycle b gives rise to an affine isometric action A : GˆH Ñ H by Apg, vq " π g v`bpgq (see Chapter 2 in [2] ). Conversely, for any (affine) isometric action on a Hilbert space and a point v P H, the map bpgq " Apg, vq´v defines a 1-cocycle, and harmonicity of this cocycle is same as harmonicity of the orbit map g Þ Ñ Apg, vq. Under an appropriate assumption on the decay of a non-degenerate measure µ, it is known that a compactly generated locally compact group G admits a non-zero µ-harmonic cocycle with respect to some orthogonal representation if and only if G does not satisfy Kazhdan' property (T). Existence of a non-zero harmonic cocycle on group which does not satisfy property (T) is proved by Mok ([24, Cor. 0.1]), Korevaar and Schoen [21, Thm 4.1.2] for finitely presented groups (and not discrete definition of harmonicity) and in general case (and discrete definition of harmonicity) by Shalom in [31] . See also Gromov [14] , Fisher and Margulis [11] , Lee and Peres [22, Thm 3.8] , Ozawa [28] as well as the book by Bekka, de la Harpe, and Valette [2] for a non-exhaustive list of references about this result.
We say that a 1-cocycle b is finite-dimensional if the πpGq-invariant subspace span bpGq is finite-dimensional. If H " À i H i is the orthogonal decomposition of H into πpGq-invariant subspaces, then b " À i P Hi b is a decomposition of b into 1-cocycles P Hi b (with respect to π| Hi ). We call each P Hi b a summand of b. We say that such summand is cohomologically trivial if it is a 1-coboundary.
Given a probability measure µ on G, let X n denote its trajectory of the random walk pG, µq, that is, X n " s 1 s 2¨¨¨sn where increments s i P G are independent and chosen with respect to µ. The corresponding probability measure and its expectation are denoted by P and E.
The value of a Hilbert valued µ-harmonic 1-cocycle along a trajectory of the random walk pG, µq is a martingale, and therefore
That is, the expected value 1 n E " }bpX n q} 2 ‰ is equal to a constant, not depending on n. For any (not necessarily harmonic) 1-cocycle b, the expected value 1 n E " }bpX n q} 2 ‰ has a limit (see Lemma 2.2). Theorem A below characterizes the case when the random variable 1 n }bpX n q} 2 tends to a constant.
Theorem A. Let G be a compactly generated locally compact group with a probability measure µ on G as in Convention. Let b : G Ñ H be a 1-cocycle. Then the following conditions are equivalent: A more precise version of Theorem A will be given in Theorem 2.4, where we describe the limit distribution of }bpX n q}{ ? n. This theorem has the following corollary:
Corollary. Let b be a harmonic cocyle. Then, b is a direct sum of (possibly infinitely many) finite-dimensional cocycles if and only if lim sup n Pp}bpX n q} ă c ? nq ą 0 for every c ą 0.
Recall that a group G is said to have Shalom's property H FD if every orthogonal representation π with non-zero reduced cohomology group H 1 pG, πq contains a non-zero finite-dimensional subrepresentation. In Corollary 2.5 we show that G satisfies Shalom's property H FD if at least one of the two following conditions hold: either lim inf n }µ˚nμ˚p 1`δqn } 1 ă 2 for some δ ą 0 or lim sup n µ˚npB G pc ? nqq ą 0 for all c ą 0. Theorem A and its corollaries develops the argument from [28] . While the main result of [28] is a new proof of Gromov's polynomial growth theorem, the paper also provides a more general criterion for the property H F D for a finitely generated group in terms of convolutions of random walks is given in Section 4 of [28] . It is shown in [10] that wreath products of Z with finite groups satisfy the assumption of that criterion, providing examples of groups of super-polynomial growth where the criterion applies. The assumption of the criterion from Section 4 in [28] uses shifted convolution, and it is not clear whether this assumption is defined by an unmarked Cayley graph of G. Assume that pG, µq is a simple random walk on G, that is, µ is equidistributed on a finite generating set of G. The conditions of p1q as well as of p2q of Corollary 2.5 are clearly defined by the unmarked Cayley graph of G. We do not know any group which satisfies the assumption of (1) or of (2) of Corollary 2.5 and for which we know that it violates the assumption of Section 4 of [28] . But the conditions of Corollary 2.5 are easier to check than the assumption from [28] . For example, it is easily applicable to solvable Baumslag-Solitar groups, lamplighter groups Z ⋉ À Z F with F finite, or to polycyclic groups obtained as extension of Z 2 by M P SLp2, dq with eigenvalues of absolute value ‰ 1. See Section 3 for more examples. We do not know any group which satisfies Shalom's property and does not satisfy the assumption of Corollary 2.5.
Given a not necessarily harmonic cocycle b on a group without property (T), a harmonic cocylce can be obtained taking averages of b (see Mok, Korevaar Schoen, Shalom [21, 24, 30] , and in particular this can be achieved averaging with respect to a probability measure µ (see e.g. Gromov, Lee-Peres [14, 22] ). In Section 4 we study the cocycle b µ , constructed as a (ultra)-limit in ℓ 2 pGq of normalized µ˚n´gµ˚n on a finitely generated amenable group G. Kesten's criterion [20] (see also [1] ) implies that µ˚n is a sequence of almost invariant vectors in ℓ 2 pGq, and one can moreover show (see Corollary 4.2) that the limit is a harmonic 1-cocycle. Applying Theorem A to this 1-cocycle, one obtains Theorem B. Let G be a finitely generated amenable group without virtually Abelian infinite quotients. Let µ be a symmetric non-degenerate measure with finite moments. Then pµ˚2 n peq´µ˚2 n pgqq{αpm, nq tends to a constant in probability µ˚2 m as m Ñ 8 and n " m. Here αpm, nq " µ˚2 n peq´µ˚2 n`2m peq is the average of µ˚2 n peq´µ˚2 n pgq with respect to µ˚2 m . Namely
Eˇˇˇˇµ˚2 n peq´µ˚2 n pX m q µ˚2 n peq´µ˚2 n`2m peq´1ˇˇˇˇ" 0.
Take n much larger than m. Observe that a group is amenable if and only if µ˚2 n pgq{µ˚2 n peq is close to 1 in probability with respect to µ˚2 m . Theorem B gives a sufficient condition for the concentration of the second order term of µ˚2 n . Theorem B applies in particular to any finitely generated amenable torsion group (such as Grigorchuk groups G w [12] ) or to any finitely generated amenable simple group (such as commutator full topological groups of minimal shifts on Z (wich are simple Matui [23] and amenable Juschenko-Monod [18] ), or to simple groups of intermediate growth constructed recently by Nekrashevych [25] . If µ is equidistributed on a finite generated set of G, then the assumption of Theorem B depends only on the unmarked Cayley graph of pG, µq. In particular, the theorem gives a necessary condition for an amenable group to be simple in terms of unmarked Cayley graphs. In general, it is known that the property of being simple can not be defined by the unmarked Cayley graphs, as it is shown by Burger and Mozes [4] (their examples are isometric to product of two trees and they are non-amenable). It is to our knowledge an open problem whether a property of being a torsion group can be verified geometrically.
Geometric group theory tries to recover properties of a group from the word metrics of this group. Given a group G, generated by a finite set S, its action on a metric space X and a point x 0 P X, the group G is equipped with two metrics: the word metric d G,S pg, hq as well as d X,x0 pg, hq " d X pgx 0 , hx 0 q. It seems interesting to study which properties of the action, or of the group G, can be recovered from these two metrics. Theorem A as well as Corollary 2.5 provide examples of such situation, for X being a Hilbert space and a group G acting by affine transformations of X.
Fix a non-principal ultrafilter U . Let b p,q U,µ,G be the mapping to a vector space equipped with a metric, constructed as U ultralimit of normalized gpµ˚nq q´p µ˚n, considered as elements of ℓ p pGq. We recall that any ultralimit of Hilbert spaces is a Hilbert space, so that for p " 2 and any q ě 0 we obtain a cocycle with respect to some orthogonal representation of H. In particular, for q " 1 and p " 2 , b p,q U,µ,G coincides up to a multiplicative constant with the harmonic cocycle b U,µ , studied in the proof of Theorem B in Section 4. In general, for p ‰ 2, we obtain a cocycle with respect to some metric preserving representation on a linear space, which is an ultralimit of ℓ p .
In Theorem C below we show that the cocycles b p,q µ,U , p ě 1, q ě 0 (in particular, the harmonic cocycle b µ,U ) can depend on the choice of a non-principal ultrafilter. 
Theorem C.
Theorem C shows in particular that there exist at least D not equal limiting cocycles among b p,q µ,G , and at least D not equal subgroups among possible kernels of such cocycles. Such groups G admit g 1 , g 2 P G such that the ratio pµ˚2 n peq´µ˚2 n pg 1 qq{pµ˚2 n peqμ˚2 n pg 2does not have a limit as n Ñ 8. The groups G i are constructed as piecewise automatic groups [9] , they can be chosen to be of sub-exponential word growth, but in such a way that for each j the group G j is in some sense very close to a non-amenable group on some scale while on this particular scale it does not happen to other G k , j ‰ k. The contribution to b p,q µ is mainly from G j on this scale, and the kernel of b p,q U,µ,G contains ś k‰j G k . The kernels of cocycles b p,q µ,G are particular cases of what we call ℓ p -thin subgroups: this is a natural family of subgroups, related to the shifts pµ˚n( see Definition 5.1), which for p " 2 is related to amenability, for p " 1 to Poisson-Furstenberg boundary and for p " 0 to growth of groups (see Lemma 5.5) , these groups in some situation may depend on p (see Example 5.8) and on the measure a finitely supported measuru µ (see Remark 5.9).
Since the group G in the statement of the theorem is a torsion group, it does not admit virtual quotient to an infinite cyclic group. In particular, taking p " 2 we can apply the conclusion Theorem B to pG, µq to claim that µ˚npeq´µ˚npgq, normalised by its average αpm, nq is close to a constant in probability µ˚m, for n " m. In other words, for each n " m µ˚m is concentrated on a set where normalized µ˚npeq´µ˚npgq is close to its mean value, but in view of C these sets may depend essentially on n.
HARMONIC COCYCLES AND FINITE-DIMENSIONAL SUMMANDS
We now recall from Sections 4 and 5 in [15] that the space Z 1 pG, πq of 1-cocycles is a Hilbert space under the norm
and it decomposes into an orthogonal direct sum of approximate 1-coboundaries and µ-harmonic 1-cocycles. We will say b is normalized when }b} L 2 pµq " 1. dm pxq ą 0. Thus, for every g P U one has
N , this proves that the norms }¨} L 2 pµq and }¨} Q are equivalent, and that Z 1 pG, πq is a Hilbert space w.r.t. the norm }¨} L 2 pµq .
The reduced 1-cohomology group H 1 pG, πq :" Z 1 pG, πq{B 1 pG, πq is defined to be the space Z 1 pG, πq of 1-cocycles modulo the closure of the subspace B 1 pG, πq of 1-coboundaries. We note that B 1 pG, πq " B 1 pG, πq if π is finite-dimensional, by Theorem 1 in [15] . See Chapter 3 in [2] for an introduction to first reduced cohomology groups. Thus,
We observe that b P Z 1 pG, πq belongs to B 1 pG, πq K if and only if it is µ-harmonic in the sense ş bpxq dµpxq " 0 or equivalently ş bpgxq dµpxq " bpgq for all g P G. Indeed, this follows from the identities bpx´1q`π´1 x bpxq " bpeq " 0 and ż xbpxq, v´π x vy dµpxq " 2x ż bpxq dµpxq, vy.
We note that every summand of a µ-harmonic 1-cocycle is µ-harmonic and that every non-zero µ-harmonic 1-cocycle is not a 1-coboundary. We recall the general fact about orthogonal representations. Let pπ, Hq be an orthogonal representation of G and put
Then, T 0 is a self-adjoint contraction on the Hilbert space H such that
By strict convexity of a Hilbert space, a vector v P H satisfies T 0 v " v if and only if π g v " v for µ-a.e. g, which is equivalent to that v is πpGq-invariant. Thus by spectral theory, the operators
converge in strong operator topology to the orthogonal projection P 0 onto the subspace of πpGq-invariant vectors. One moreover has convergence in probability
Indeed, to prove it, one may assume P 0 " 0 and in this case
where b harm is the B 1 pG, πq K summand in the above decomposition. In particular, b is nonzero in H 1 pG, πq if and only if lim
Since c Þ Ñ E " }cpX n q} 2 ‰ is norm-continuous by Lemma 2.1, the above inequality holds for all c P B 1 pG, πq. Hence, for any c P B 1 pG, πq, by approximating it by c n P B 1 pG, πq, one has lim sup
It is not clear whether
is bounded for every 1-cocycle b. However, it is the case for any µ-harmonic 1-cocycle b (cf. Footnote 2 in [22] ).
Lemma 2.3. For every d, one has
where the supremum runs over all normalized µ-harmonic 1-cocycles b.
Proof. We fix a universal orthogonal representation pπ, Hq and consider the operators U n from the space of µ-harmonic cocycles into L 2d pµ˚n; Hq, given by
the operators U n are bounded by Lemma 2.1. The lemma claims that U n 's are uniformly bounded. For this, by Principle of Uniform Boundedness, it suffices to show sup n }U n b} ă 8 for each b. (The use of PUB can be avoided if one does the following proof more meticulously.) We in fact prove that lim sup n
By induction hypothesis and the Cauchy-Schwarz inequality when k is odd, we may assume that E "
This finishes the proof.
We start the proof of Theorem A. Recall that the tensor product Hilbert space H b H is canonically identified with the space of Hilbert-Schmidt operators S 2 pHq on H via v 1 b v Ø S v 1 bv , where S v 1 bv puq " xu, vyv 1 . Under this identification, the operators π g bπ g on HbH act on S 2 pHq by conjugation Ad π g : S Þ Ñ π g Sπg . Every Hilbert-Schmidt operator is compact and every compact self-adjoint operator S has a unique spectral decomposition S " ř i λ i E i where λ i P R are the non-zero eigenvalues of S and E i are the finite-rank orthogonal projections onto the corresponding eigenspaces. If v P H b H is pπ b πqpGq-invariant, then S v is Ad πpGq-invariant and so are the spectral projections E i 's, which means that E i H are finite-dimensional πpGq-invariant subspaces. Now let us consider a 1-cocycle b : G Ñ H and put
Then, T is a self-adjoint contraction on H b H, which is positivity preserving as an operator on S 2 pHq. By the previous discussion, 1 n ř n´1 k"0 T k converges in strong operator topology to the orthogonal projection P from H b H onto the subspace of pπ b πqpGq-invariant vectors. In particular, 1 n ř n´1 k"0 T k w converges to P w in norm and S P w is a positive Hilbert-Schmidt operator which is Ad πpGq-invariant. If b is finite-dimensional, then the trace Tr is norm-continuous and
In general, one has the spectral decomposition S P w " ř i λ i E i where λ 1 , λ 2 , . . . is a finite or infinite sequence of strictly positive numbers and E i H's are finite-dimensional πpGq-invariant subspaces. Thus for b i :" E i b and b 8 :" b´p ř i b i q, one has the direct sum decomposition b " b 8`ř i b i . We claim that each 1-cocycle b i , i ‰ 8, is nonzero and that b 8 does not admit a nonzero finite-dimensional summand anymore. This follows from the fact that S P w " S P w8 ' ř ' i S P wi in accordance with b " b 8 ' ř ' i b i and hence S P wi " λ i E i , where w i " ş pb i b b i qpxq dµpxq, including the case i " 8 and λ 8 :" 0. Thus }P w} ‰ 0 if and only if b has a nonzero finite-dimensional summand. Moreover, one has
For the proof of Theorem A, in view of Lemma 2.2 and the fact that any nonzero µ-harmonic 1-cocycle is cohomologically non-trivial, we may assume that the 1-cocycle b is µ-harmonic. For such b, we have the following more precise form of Theorem A. Theorem 2.4. Let G be as in Convention. Let b be a normalized µ-harmonic 1-cocycle and w, P w, and S P w " ř i λ i E i be as above. Then,
Moreover, the random variables 
Proof of Theorem A and Theorem 2.4. Let b be a normalized µ-harmonic 1-cocycle. In the discussion above, we already saw }P w} ‰ 0 if and only if b has a nonzero finitedimensional summand. Moreover the above formula implies
and ş }bpxq} 2 dµ˚npxq " n (see [22] and [28] ). Hence
By Bounded Convergence Theorem, this implies that We use Martingale Central Limit Theorem (Theorem 35.12 in [3] ) to prove that for any v P H the random variables S n :" n´1 {2 xbpX n q, vy converge to a normal distribution N p0, qpvqq where qpvq " xS P w v, vy. Consider the martingale array S n,k :" n´1 {2 xbpX k q, vy, k " 1, . . . , n, and put
Since X´1 k´1 X k has the same distribution as X 1 , one has
and, for every ε,
Hence by Martingale CLT, one has S n,n ñ N p0, qpvqq in distribution.
Now recall that S P w " ř i λ i E i and b " b 8`ř b i , and take an orthonormal basis tv i,j : j " 1, . . . , TrpE i qu of E i H. Then, by the previous paragraph, n´1 {2 
This means that the family txn´1 {2 bpX n q, v i,j yu i,j are asymptotically independent as n Ñ 8. Thus, for any k P N, one has
where g i,j are independent centered Gaussian random variables with variances λ i,j . Since
where C d is a constant independent of k (by Lemma 2.3), one has
L 2 pµq in moments by the first half of the proof, one has 1 n }bpX n q} 2 Ñ g Proof. We prove a stronger statement that if G does not have property H FD , then for every δ ą 0 there are c ą 0 and a sequence pE n q n of open subsets in G such that µ˚npE n q Ñ 1 and µ˚p 1`δqn pB G pc ? nqE n B G pc ? nqq Ñ 0. Suppose that there is µ-harmonic 1-cocycle b : G Ñ H without a non-zero finitedimensional summand. We can assume that this cocycle is normalized. Take any 0 ă δ ă 1. Put c :" p20}b} Q q´1δ and E n :" tx P G : }bpxq} 2 ă p1`δ{4qnu.
Then, for every x P E n and y, z P B G pc ? nq one has }bpyxzq} 2 ď }bpxq} 2`2 }bpxq}}bpyq`π yx bpzq}`}bpyq`π yx bpzq} 2 . ă p1`δ{2qn
Hence the result follows from Theorem A.
Remark 2.6. By Kingman's subadditive ergodic theorem, the linear rate of escape
exists and is constant for a.e. ω P pG, µq N . Hence either of the conditions (1) and (2) in Corollary 2.5 implies that l µ " 0 and in particular that G is amenable ( [16] 
]). By Corollary 2.5, any non-degenerate random walk on a group without virutal homomorphisms to Z (or Z ≀ Z) does not satisfy either of the conditions (1) or (2). It is apparently on open problem whether the wreath product Z
2 ≀ pZ{2Zq has property H FD (see [30, 6.6 [7, 17] ) that the number of distinct sites of a simple random walk on Z 2 visited until the time n is asymptotically equivalent to cn{ logpnq, where c ą 0 is a constant.
]); the simple random walk on it does not satisfy either of the conditions (for "switch-walk-switch" random walks it follows from Dvoretzky-Erdös theorem (

MORE ON THE PROPERTY H F D
We elaborate on Corollary 2.5. It says G has property H FD provided that pG, µq satisfies the following property. We say a µ-random walk X n is cautious if
for every c ą 0. We look at stability of this property under extension. Let N be a subgroup of G with a pseudo-length |¨| N . We say N is strictly exponentially distorted in G if there exists a constant C ě 1 such that 1 C logp|h| N`1 q´C ď |h| G ď C logp|h| N`1 q`C for all h P N . We will denote by |¨| G{N the pseudo-length induced by the compact generating neighborhood QN of e in G{N .
Proposition 3.1. Let N Ÿ G be a closed normal subgroup which is strictly exponentially distorted, and letμ be the push-out probability measure of µ to G{N . If pG{N,μq is cautious, then so is pG, µq and in particular G has Shalom's property H FD .
Proof. It suffices to show that there is a constant D ě 1 with the following property (cf.
[34, Lemma 3.4]). Let s i P G be such that |s i | G ď 1 and put g k :" s 1¨¨¨sk P G and
Hence |h k | N ď n expp4CM n q for all k ď n and so Proof. Let ν 0 be the standard nearest neighborhood random walk on Z d and ν 1 be a uniform probability measure on the compact subgroup tx P K : |x| ď 1u. Since pZ d , ν 0 q is cautious, for µ " 1 2 pν 0`ν bn 1 q, the random walk pZ d ⋉ K n , µq is cautious.
HARMONIC COCYCLE b µ,U CONSTRUCTED FROM DIFFERENCES OF SHIFTS OF µ˚n
In this section, we assume G is discrete (moreover finitely generated by Convention) and amenable, and we study a µ-harmonic 1-cocycle b µ,U , obtained a a limit of normalized µ˚n´gµ˚n.
We fix a non-principal ultrafilter U on N and denote by lim U the corresponding ultralimit. Then, the ultrapower Hilbert space H U of a given Hilbert space H is defined to be H U :" ℓ 8 pN; Hq{tpv n q 8 n"1 : lim U }v n } " 0u with the inner product xrv 1 n s n , rv n s n y :" lim U xv 1 n , v n y, where rv n s n is the equivalence class of pv n q n P ℓ 8 pN; Hq. An orthogonal representation π of G on H gives rise to the ultrapower representation π U on H U by π U g rv n s n " rπ g v n s n . To avoid parity problems, we assume (in addition to Convention) that µ " µ 1˚2 , where µ 1 is some symmetric probability measure on G. We consider the left regular representation λ on ℓ 2 pGq and put
(we omit writing λ and simply write g for λ g ) and
Since the sequence }b n pgq} ď |g| G }b n } Q is bounded for each g, the formula b µ pgq :" rb n pgqs n P ℓ 2 pGq U defines a 1-cocycle (with respect to λ U ) such that }b µ } L 2 pµq " lim U }b n } L 2 pµq " 1, where we have used the assumption that ş |x| 2 G dµpxq ă 8 to interchange the limit and integration. We will show in Theorem C, that the 1-cocycle b µ may depend on the choice of a non-principle ultrafilter U , and we will write b U µ instead of b µ when we want to emphasize the role of U .
Recall that if G is a amenable group, then by Kesten' criterion ( [20] ) the probability to return to the origin of any symmetric measure is sub-exponential. Moreover, µ˚npeq is decreasing and µ˚n`1peq{µ˚npeq Õ 1 (see Avez [1] ). The following lemma pushes this one step further. Convention) that µ " µ 1˚2 for some probability measure µ 1 on G. Then, one has lim n γpn1 q{γpnq " 1, where γpnq " 2pµ˚npeq´µ˚n`1peqq.
Lemma 4.1. Let G be a discrete infinite amenable group and assume (in addition to
Proof. Since γpnq " 2pµ˚npeq´µ˚n`1peqq " 2xp1´λpµqqλpµq n δ e , δ e y and λpµq is a positive contraction, the sequence γ is decreasing. Put δpnq :" γp2nq`γp2n`1q " 2pµ 2n peq´µ 2pn`1q peqq.
Then δpnq is also decreasing and moreover δpn`1q 2 "´ż xµ˚n´gµ˚n, µ˚n`2´gµ˚n`2y dµ˚2pgq¯2 ď´ż }µ˚n´gµ˚n} 2 dµ˚2pgq¯´ż }µ˚n`2´gµ˚n`2} 2 dµ˚2pgq" δpnqδpn`2q.
We know that δpn`1q{δpnq is increasing, let δ ( δ ď 1) be the limit of this sequence. . If δ ă 1, then δpnq ď Cδ n and so µ˚npeq " 1 2 ř 8 k"n γpkq ď C 1 δ n{2 (here lim m µ˚mpeq " 0 since the support of µ generates G and since G is infinite), which is in contradiction with amenability of G. 
2) Observe that if π has approximately invariant vectors but no non-zero invariant vectors, then 1 is contained in the spectrum of the self-adjoint contraction πpµq but is not an eigenvalue of it, that is to say, the spectral projections χ p1´1{m,1q pπpµqq are non-zero. Hence there is a unit vector v P H such that χ p1´1{m,1q pπpµqqv ‰ 0 for all m. Any such v satisfies the desired property. Proof of Lemma 4.1 applies verbatim and implies again that b v pgq is a normalized harmonic cocycle.
Proof of Theorem B. By Theorem A we know that E " | }cpXmq} 2 m´1 | 2 ‰ Ñ 0 for any normalized µ-harmonic 1-cocycle c without non-zero finite-dimensional summands. We will show that in case G does not admit any non-zero µ-harmonic finite-dimensional 1-cocycle (which is the case when G is a finitely generated amenable group without virtually abelian infinite quotients), this convergence is uniform for normalized µ-harmonic 1-cocycles c on G. Indeed, we have seen in the proof of Theorem A that
for every normalized µ-harmonic 1-cocycle c, where T " ş pπ bπq g dµpgq and w " ş pc bcqpgq dµpgq. Note that }c} Q is uniformly bounded by Lemma 2.1. Therefore, it suffices to prove that lim k }T k w} " 0 uniformly for c. Suppose that the latter is not the case: there are ε ą 0, a subsequence k m Ñ 8, and normalized µ-harmonic 1-cocycles c m such that }T km m } ě ε for all m. Fix a non-principal ultrafilter U and let c U denote the U -ultralimit cocycle of the sequence pc m q m , with the corresponding objects denoted by T U and w U . Then, c U is a normalized µ-harmonic 1-cocycle. Moreover since t 2k is decreasing in k for any t P r´1, 1s, one has for each k
Let Q denote the spectral projection of T U corresponding to eigenvalues t´1,`1u. Then,
Since T 2 U Qw U " Qw U , the vector Qw U is invariant under pπ bπq g for all g P supp µ˚2. However since G 0 :" xsupp µ˚2y has finite-index in G, it does not admit a non-zero µ˚2-harmonic 1-cocycle, which implies that Qw U " 0 (as discussed in the proof of Theorem A). We have arrived at a contradiction.
It follows that if G satisfies the assumption of Theorem B, then E "
(Note that lim sup n λ n " sup U lim U λ n for any bounded sequence λ n .) Since lim m lim n mpµ˚npeqμ˚n`1 peqq{pµ˚npeq´µ˚n`mpeqq " 1 by Lemma 4.1, this completes the proof of Theorem B (modulo exchanging µ with µ˚2).
ℓ p -THIN SUBGROUPS
5.1. Definitions. Take a finitely generated group G equipped with a probability measure µ, and ask again what information about its subgroups and quotient groups one can obtain by looking on the behavior the random walk pG, µq. To ensure the existence of nontrivial quotients, we may search normal subgroups of G defined by convolutions of G. A more general question one can ask is what are possible (not necessarily normal subgroups) defined in such terms.
Definition 5.1.
[ℓ p -thin subgroups H µ,p,q ]. Let G be a group generated by a finite set S, and µ be a probability measure on G. Fix some p ě 0, q ě 1 and a sequence n i tending to 8. Let αpnq denotes the maximum of ℓ p norm of pµ˚nq q´g pµ˚nq p , where the maximum is taken over g P S. Consider g P G for which ||µ˚n i´g pµ˚n i|| p {αpn i q Ñ 0 as i Ñ 8. By triangular inequality in ℓ p such elements form a subgroup of G, which we we call the main ℓ p -thin subgroup and which we denote by H µ,p,q,ni (and H µ,p for short, if n i is specified and q " 1).
Now we define ℓ p -thin subgroups associated an arbitrary function αpnq. Consider g such that ||pµ˚nq q´g pµ˚n|| p {αpnq tends to 0 as n tends to infinity. By triangular inequality in ℓ p such elements form a subgroup of G, which we denote H µ,p,q,α . We call this subgroup ℓ p -thin subgroup associated to αpnq.
It is clear that the scaling sequence αpnq depends of a finite generating set S up to multiplication by a constant only, and thus the definition of main ℓ p -thin subgroups does not depend on the choice of S.
For p " 0 in the definition above we use the convention 0 0 " 0; the ℓ 1 norm in this case is therefore the cardinality of the support µ˚n´gµ˚n.
In many situation the limit behavior of pµ˚nq p´g pµ˚nq p does not depend on the subsequence of possible n's. However, it some situation this quantity, and the corresponding ℓ p -thin subgroups may depend on the choice of a subsequence, see Theorem C and Corollary 5.10. [19] ). For p " 0 and some choice of n i this happens for any group G of exponential growth.
It is possible that the statement of Remark 5.2 remains valid without the assumption of non-almost-invariance.
Instead pµ˚nin the Defintion 5.1 , one can consider more generally a sequence of functions f i and consider the difference of corresponding shifted functions, as a function of g.
We have already remarked that for p " 2, q " 1, µ being equidistributed on a finite symmetric set of G, the values of b µ,U are defined by the unmarked Cayley graph of G. In particular, for p " 2, q " 1 and µ being a measure equidistributed on a finite generating set S , the ℓ p -thin subgroups can be described in terms of unmarked Cayley graph of pG, Sq:
Remark 5.3. p " 2, q " 1, µ is symmetric measure on G. An element g belongs to the subgroup H µ,2,1,α if and only if
as n Ñ 0. In particular, if µ is equidistributed on a finite symmetric generating set S, subgroups H µ,2,α are defined by unmarked Cayley graph of pG, Sq.
Proof. Observe that |gµ˚n´µ˚n| xµ˚n, gµ˚ny " 2p ř xPG pµ˚npxqq 2´ř xPG µ˚npxqµ˚npgxqq, Since µ is symmetric, this is equal to 2p ř xPG µ˚npxqµ˚npx´1q´ř xPG µ˚npgxqµ˚npx´1q " 2pµ 2n peq´µ˚2 n pgqq. If µ is equidistributed on a finite symmetric generating set S, observe that µ˚2 n peq and µ˚2 n pgq are defined by the unmarked Cayley graph of pG, Sq and the vertex in this Cayley graph corresponding to g. Remark 5.4. In a particular case when q " 1, p " 2 and G is non-amenable, the main ℓ 2 -thin subgroup in 5.1 coincides with the group, studied by Elder and Rogers in [8] . However, if q " 1, p " 2 and G is amenable, the group defined in the above cited paper coincides with G, while the main ℓ 2 -thin subgroup H µ,p is never equal to G unless G is a group consisting of one element. Proof. First we prove the claims of 1), 2), 3) about ℓ p -thin subgroups. Observe that since B is of exponential growth, for any finite set S there exists v ą 1 such that v G,S pnq ě v n for all n. This implies that for each finite generating set S B of B and each C 1 ă 1 there exists C 2 ą 0 such that for all n at least C 1 n among balls of radius i " 1, ..., n have boundary greater than C 2 v B,SB piq. (Indeed, otherwise v B,SB pnq ď R np1´C1q B p1`C 2 q C1n , where R B denotes the cardinality of B, S B , and taking C 1 close to 1 and C 2 close to 0 we would get a contradiction).
Since A is of subexponential growth, for each C and any ǫ 1 , ǫ 2 ą 0 at least p1´ǫ 2 qn among the the balls of radius i " 1, ..., n have boundary at most ǫ 2 v A piq.
Consider a generating set S " S AˆSB , where S A , S B are generating sets of A, B respectively. We have B S piq " B SA piqˆB SB piq. Here B G,S piq denotes the ball of radius i in G, S. Observe also that for S P S A it holds sB G,S piqzB G,S piq " spB A,SA piqB B,SB piqqzpB A,SA piqˆB B,SB piqq " psB A,SA piqzB A,SA piqqˆB B,SB piq, and the cardinality of this set is at most 2pv A,SA piq´v A,SA pi´1qqv B,SB piq, and with the same argument the cardinality of sB G,S piqzB G,S piq, for s P S B is at least 2{|S B |pv B,SB piqv B,SB pi´1qv A,SA piq for some s P S B . Note that if n i is such that v A,SA pn i q´v A,SA pn i´1 q v A,SA pn i q v B,SB pn i q v B,SB pn i q´v B,SB pn i´1 q tends to 0 as i tends to infinity, then the ℓ 0 -thin subgroup with respect to a subsequence n i contains all s P S A . Therefore, in this case this subgroup contains A. By Remark 5.2 we know that under assumption of 1) it holds H µ,0,p pGq " H µ,p,0 pGq.
2) We recall that µ˚n " µ˚n A µ˚n B . Take a P A. Observe that aµ˚n´µ˚n " pµ˚n Aá µ˚n A qµ˚npBq. It holds therefore |pµ˚n´aµ˚nq| 1 " |pµ˚n A´a µ˚n A q| 1 . Since the nondegenerate walk pA, µ A q has trivial Poisson-Furstenberg boundary, for any a P A it holds |pµ˚n A´a µ˚n A q| 1 Ñ 0 as n tends to 8, and therefore |pµ˚n´aµ˚nq| 1 Ñ 0 as n tends to 8 (see Kaimanovich Vershik [19] ). The above mentioned characterization also shows that since the Poisson boundary of pB, µ B q is non-trivial, there exists b P B such that |pµ˚n B´b µ B˚n q| 1 ě c ą 0, and hence |pµ˚n´bµ˚nq| 1 ě c ą 0 for some positive constant c and all n.
3) For g " pg 1 , g 2 , g 1 P A, g 2 P B, µ˚npg 1 , g 2 q " µ˚npg 1 µ˚npg 2 q. For h P A, µ˚nphpg 1 , g 2 qq{µ˚npg 1 , g 2 q " µ˚n A hg 1 {µ˚n A pg 1 q Ñ 1 as n Ñ 8, by [1] since A is amenable [1] . Analogously, µ˚nphpg 1 , g 2 qq{µ˚npg 1 , g 2 q " µ˚nhpg 1 , g 2 q{µ˚npg 1 , g 2 q " µ˚n B hpg 2 q{µ˚n B hpg 2 q Ñ C h , where C h ‰ 1 for some h among generators of B, since B is non-amenable [1] . This implies that the scaling sequence αpnq is equivalent up to multiplicative constant to µ˚npeq " µ˚n A peqµ˚n B peq. Using Remark 5.3 we conclude that for all s P S A ||sµ˚n´µ˚n|| 2 {αpnq Ñ 0, and hence any s P A, s belongs to the ℓ 2 thin subgroup for q " 1, p " 2. By Remark 5.2 we know that under assumption of 3) it holds H µ,1,2 pGq " H µ,2,1 pGq. Now to prove the claims about the cocycles, take g " pa, bq P AˆB, put g 1 " pe, bq and g 2 " pa, eq. It holds g " g 1 g 2 . Under the assumption on p and q in 1), 2), 3) observe that d ě 2 is analogous) . We construct G 1 and G 2 as piecewise-automatic groups with returns of automata τ 1 , τ 2 , where τ 1 , τ 2 : AˆX Ñ A, the group generated by pA, τ 1 q is of intermediate growth, τ 2 : AˆX Ñ A, the group H 2 generated by pA, τ 2 q is non-amenable, and the action of A, considered as generators of H, is contracting for the action of τ 1 for each brach of the rooted tree (see [9] ).
More precisely, we chose automata τ 1 and τ 2 with the following properties: τ 2 is a finite state automaton, containing e, a, b, c, d as its states, such that e acts trivially and a, b, c, d generate the free product Z{2Z˚pZ{2Z`Z{2Zq in the group generated by τ 2 .
If the states of τ 2 are e, a, b, c, d and the alphabet is 0, 1, we take as τ 1 the standard finite state automaton for the first Gigorchuk group (A " te, a, b, c, du, X " t0, 1u. In this case we can take as G 1 and G 2 either piecewise-automatic group or a piece-wise automatic group with returns defined by τ 1 , τ 2 and t i , T i , i ě 1, T i´1 ă t i ă T i . We do not know if τ 2 as above exists, and therefore we consider as in [9] an automaton τ 2 with the space of states possibly larger than e, a, b, c, d (such automata exist by the result of Olijnyk [26] , that shows that any free product of finite groups imbeds in a group generated by a finite state automaton), and we take as τ 1 the standard finite state automaton for the first Grigorchuk group, (extended to some larger alphabet than 0 and 1 if the alpaheth of τ 2 contains more than two letters) and consider the corresponding piecewise automatic group with returns G τ1,τ2 pt i , T i q.
To construct G 1 and G 2 , we fix τ 1 , τ 2 and construct sequences t pµ˚n iand the scaling sequence αpn i q tend to 0 for all s 1 P S 1 . This implies that all s 1 P S 1 , as well as all g P G 1 belong to the main ℓ p thin subgroup H µ,p,q , corresponding to n i . The ratio of ℓ p norms of s 2 pµ˚m i qq´pµ˚m iand the scaling sequence αpm i q tend to 0 for all s 2 P S 2 . This implies that all s 2 P S e , as well as all g P G 2 belong to the main ℓ p thin subgroup H µ,p,q , corresponding to m i . Using 1), 2), 3) of Lemma 5.5 we also observe that f p,q µ,ni is equal to f µ2,ni,p,q and that f µ,mi,p,q is equal to f p,q µ1,mi . Corollary 5.10. Let G i , µ i be as in the formulation of Theorem C. Take q " 0, 1 or 2 and p " 1 or 2. For each j : 1 ď j ď D there exists n i,j such that for all the main ℓ p -thin subgroup H µ,p,q of G with respect to n i " n i,j contains ś k:k‰j G k . In particular, there exist at least D not equal ℓ p -thin subgroups.
